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OUTLINE

© CRADIENT METHODS FOR MULTIVARIATE

© NEWTON’S METHOD FOR MULTIVARIATE

© In Crass EXERCISE: FACILITY LOCATION PROBLEM &
FINDING YIELD CURVE

@ SUPPLEMENT MATERIALS FOR UNCONSTRAINED

OPTIMIZATION

o Nelder-Mead Methods

@ Newton-Raphson for solving Non Linear

o Extended Concept of Newton's Method Variation
@ Quasi-Newton's Method

source: General references [NC20, CZ13, Win22, Pat14]
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IDEA OF ALGORITHM

1 choose a certain point
2 convert into an approximate function using Taylor's Series
3 move at a certain direction with certain step size
4 check Stop Condition
o Gradient = zero — stuck
@ Objective value unchanged — not significant improvement
@ Solution unchanged — not significant improvement
@ Too many iterations
5 check all Eigenvalue are positive — local optimal
6 repeat Step 1

Algorithm = how to find direction (dk) and stepsize (k) J
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Gradient Methods

CONCEPT OF GRADIENT METHOD

e Background: gradient = normal vector = maximum increasing rate of f{-)
e Key result: —Vf(x) = maximum decreasing rate
o ldea: better to move x in gradient direction (downhill trails)
o Properties: zig-zag & always descent (obj reduce value)
@ Questions:
@ What is a 'good’ step size?
o How much direction and step size really matter?
o Variation:

STEEPEST DESCENDING: find optimal step size, i.e. line search
CONJUGATE DIRECTION: search direction orthogonal to one other
SPECIAL CASES: fixed /closed-form step size for Quadratic
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Gradient Methods

GRADIENT METHOD

(P) minimize f(x)
subject to
x € R".

f(-) = objective function and differentiable
fiR" > R
x = decision variable, x € R”

SOLUTION
Xk+1 = Xk — Vk Vf(x) J
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Gradient Methods

INTERPRETATION OF GRADIENT

x(0) ~ Cg>C1>Ca>C3

Source. Chong & Zak. 2001 pp 114-155 [CZ13]

IDEA
@ New point: xx+1 = xx — 7k VFAxxk)
@ Scent direction: d = Vf(x)'d < 0
@ Steepest direction: —V(x)
@ Better value: f(xx — v« VAxK)) = fXkt1) < A(xx)
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Gradient Methods

TERMINATING CONDITIONS

Iteration: k > t .«

o Gradient: Vf(xxy1) = 0 or [|[VAxkt1)]| =0
o Solution:
s — x| _ .
[l
o Objective Value:
[Axir) — x| _ o

| x|

Check SNOC:
e all eigenvalues of V2f(xy11) > 0
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Gradient Methods

EXAMPLE: GRADIENT METHOD

Using Steepest Descent Method to find solution of this following function.
fix1,x2,x3) = (x1 — 4)* + (x2 — 3)% 4+ 4(x3 + 5)*
The initial points is xg = [4,2, —1]7.

Source. Chong & Zak. 2001 pp 118 [CZ13]

k xq f(xx) Vilx) " Tk
0 [4.0,2.0,—1.0] 1024.0 [0.0, —2.0,1024.0] 0.003967
1 [4.0,2.008, —5.062] 0.984 [0.0, —1.984, —0.004] 0.5
2 [4.0,3.0, —5.06] 0.000 [0.0,0.0, —0.003] 16.29
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Gradient Methods

LEVEL SET OF EXAMPLE

500 ——

f.expr <- expression( (x1 - 4)74 +(x2 - 3)72 + 4x(x3 + 5)74 )

exprFn <- function(x1,x2,x3){ }

body (exprFn) <- f.expr

x26rid <- seq(0.0,8.0,0.1) ; x3Grid <- seq(-9.0,-1.0,0.1)
objGrd <- outer (x2Grid,x3Grid,exprFn,x1=4)

contour (x=x2Grid,y=x3Grid,z=objGrd,col="blue"
,levels=c(500,100,80,50,20,5,1))

pt <- data.frame(x2=c(2,2.008,3.0),x3=c(-1,-5.06,-5.06)

points(pt$x2,pt$x3,col="red",pch=16,cex=0.8,type="b")
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Gradient Methods

CODE OF OPTIMIZING 7 (STEEPEST DESCENDING)

f.expr <- expression( x1 - 4)74 +(x2 - 3)°2 + 4x(x3 + 5)74 )
expr.all<- deriv3(f.expr,c("x1","x2","x3"))

@ Input:

x1Term <- quote(pt[1]-grad[1]l+*step)
x2Term <- quote(pt[2]-grad[2]*step)
x3Term <- quote(pt[3]-grad[3]*step)
varList <- list(x1 = x1Term, x2= x2Term, x3= x3Term)

@ Define:

optStep <- function(pt,grad,step){ }

curPt <- c(4,2,-1) ## init point

for(i in 1:3){ ## alg for loop
evallList<- list(x1l = curPt[1],x2=curPt[2],x3 =curPt[3]) ## comb value
curVal <- eval(expr.all,evallist) ## eval objFn
cur0Obj <- curVal[1]
curGrad <- as.vector( attr(curVal,'gradient"))
rndSize <- sqrt( as.numeric(curGrad %% curGrad))

@ Initiate:

grad, hess

expr . sub <- eval(substitute(substitute(e, varList), list(e = f.expr[[1]])))
@ Stepsize: body (optStep) <- as.expression(expr.sub)
curSize <- optimize(optStep,interval=c(0.0,rndSize),pt=curPt,grad=curGrad)$minimum

print ( c(curObj,curPt,curGrad,curSize) )
nxtPt <- curPt - curSize*curGrad
@ Update:
curPt <- nxtPt ## repeat alg
} ## end for ¢
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Gradient Methods

v IN DESCENT DIRECTION
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Source. Chong & Zak. 2001 pp 119 [CZ13]

FINDING THE RIGHT STEP SIZE
@ Observe: v, = arg min f(x — v; Vf(x)) difficult to solve
@ Conclusion: optimal « reduce iterations. However, for loop is easy!

o lIdea: need good 7, not optimal ~
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Gradient Methods

SPECIAL CASE: QUADRATIC FUNCTION

e Function: f(x) = $xTQx —bTx
e Gradient: VA(x) =Qx—b
where,

Q = symmetric positive definite matrix, Q € R"™*"
b = vector corresponding to linear term, b € R”

_ Vflx) " VAx)
T V) TQV flx)
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Gradient Methods

STRATEGY FOR STEP SIZE

o In general: Vf(xy) is easy, but v, = arg min,, f(xx — 7V f(xx)) is not
o Desired properties: If ||di|| =1,
DESCENT DIRECTION f(xg) > f{xk + ykdk) vk
SUFFICIENT »_ 7k = 00
CONVERT Y72 < 00

o lIdea: use easy to compute vy

\ . ; : _ Vfx) " Vxi)
CLOSE FORM: known in Quadratic, v, = ) QY )
FIXED STEP SIZE: known in Quadratic, 0 < v < %(Q)

PICK ONE IN MANY 7: choose easy and better ~

CHECK POINT
o VAR # IV Axicrn)ll, 0 Ve Zyicen
@ easy v — fixed or specific function
@ better v — improve objective value
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Gradient Methods

EXAMPLE

Resolve and compare f{x1, x2,x3) = (x1 — 4)* + (x2 — 3)% + 4(x3 + 5)* using

A)
2

Y= m, where )\max(V2 f(xx)) is eigenvalue

B)

= {2%1 if f(x) < Axk-1),

% Yk—1  otherwise.
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Newton’s Method

CONCEPT OF NEWTON’S METHOD

Background: Taylor's approximation upto quadratic terms
Idea: move x along curvature of VZf(x)

Properties: may not descent or f(xk11) > f(x)
Questions:

e compute (V*f(x))~
@ ensure descent direction (use weight?)

1
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Newton’s Method

UNIVARIATE VS MULTIVARIATE NEWTON

UNIVARIATE NEWTON

@ FOC: f'(xk) = (x — xk) " (x«)

@ Next point:

@ Terminate condition: f'(x) =0

MULTIVARIATE NEWTON
@ Approx: g(xi) = flxi) + (x — xi) VAxi) + 3(x — xi) " (V?A(x)) (x — xx)
e FOC: Vf(x) = (x — xx)" (V*f(x))

@ Next point:
-1
i1 = xk — i (VX)) (VAx))

@ Terminate condition: ||[Vf(xy)|| =0

COMP METH v2.00: unconstraint 16/ 3



Newton’s Method

INTERPRETATION OF NEWTON

Xg

Current Point !

xlk) &

Predicted Minimizeré
L3 xlkr

Source. Chong & Zak. 2001 pp 114-155 [CZ13]
IDEA
@ New point: Xxi1 = Xk — jik (sz(x))f1 VA(xx)
@ Direction: d = (sz(x))f1 V(%)
@ Scent direction: d = Vf(x)"d 40
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Newton’s Method

ExXAMPLE: NEWTON’S METHOD

Using Newton Method to find solution of this Powell function for three iteration.
fx) = (31 + 10x2)” + 5(xs — xa) + (x2 — 2x3)" + 10(x1 — xa)"*

The initial points is xo = [3, —1,0,1]".

[2(x1 4 10x2) + 40(x; — x4)2

VHx) = 20(x1 + 10x2) + 4(x2 — 2x3)>

10(X3 - X4) - S(Xg - 2X3)3'
[ —10(x3 — xa) — 40(0x1 — x4)*

[2 +120(x1 — x4)? 20 0 —120(x1 — x4)?
V2 1x) = 20 200x2 + 12(x2 — 2x3)? —24(xp — 2x3)? 0
0 —24(xg — 2x3)? 10 + 48(x2 — 2x3)? —-10
| —1200x1 — xa)? 0 —-10 10 + 120(x1 — x4)?
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Newton’s Method

ExXAMPLE: NEWTON’S METHOD

fx) = (x1 4 10x2)2 +5(x3 — x4)? + (x2 — 2x3)* + 10(x1 — x4)*
The initial points is xo = [3,—1,0,1]7.

Source. Chong & Zak. 2001 pp 140 [CZ13]

k X fx) Vf(x) (V(x)) (VZ(x) " Vfx)
3 [ 306.0 7 482.0 20.0 0.0 —480.07 1.4137
0 —1 215 —144.0 20.0 212.0 —24.0 0.0 —.841
0 —2.0 0.0 —24.0 58.0 —10.0 —.254
1] L—360.0] —480.0 0.0 —10.0 490.0 | 746 |
1.58717 [ 94.8 7 215.3 20.0 0.0 —213.37 0.5897
1 —.159 31.8 —1.18 20.0 205.3 —10.7 0.0 —.053
.254 . 2.37 0.0 —10.7 31.3 —10.0 .085
.254 | L —94.81 ] —213.3 0.0 —10.0 233.3 | .085 |
1.0587 [ 28.09 7 96.8 20.0 0.0 —94.8 —0.3547
9 —.106 6.8 —0.35 20.0 202.4 —4.74 0.0 0.032
.169 : 0.70 0.0 —4.74 19.5 —10.0 —0.057
.169 | L—28.08] —94.8 0.0 —10.0 104.8 | —0.058
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Newton’s Method

NEWTON METHOD IN R

@ Input: expr <- expression( (xl + 10%x2)°2 +5%(x3 - x4)"2+(x2 - 2%x3)"4+10%(x1 - x4)°4 )

allCal <- function(x1,x2,x3,x4){}

@ Define: body(allCal) <- deriv3(expr,c("x1","x2","x3","x4"))

@R 3= @30 =1lo p®6 58o)

for( i in 1:10){
@ Initiate: allval <- allCal(curPt[1],curPt[2],curPt[2],curPt[4])
objtVal <- allVall[i]
gradVal <- as.vector(attr(allVal,"gradient"))
hessVal <- matrix(attr(allVal,"hessian"),ncol=4)

stepVal <- 0.5 ; count <- 0
while(T){ ## for change stepsize
nextPt <- curPt - stepValcount *dircVal
nextVal <- allCal(nextPt[1],nextPt[2],nextPt[3],nextPt[4])[1]
if (objtVal >= nextVal)
break

@ Stepsize:
count <- count+ 1

b ## end while

print ( c(i,objtVal,curPt,gradVal,count,nextPt) )
curPt <- nextPt
@ Update:

} ## end for loop
b i
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Newton’s Method

ProO & CoONS OF NEWTON’S METHOD

BENEFITS
o Fast Convergence: quadric convergent rate, near the optimal solution

o Key Background: large family of algorithms, including Quadric
Programming

DISADVANTAGES
o Computational Expensive: inverse of hessian is time consuming
o Difficulty: Hy is not positive definite or close to singular
@ Non-Descent: next solution may have lower objective value
o Require modification:

SPECIAL CASE Gauss-Newton (non-linear least square)
NoN-PosITIVE DEFINITE Levenberg-Marquardt
REDUCE COMPUTATION Quasi-Newton
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Newton’s Method

CONVERGE RATE: NEWTON VS GRADIENT

0 05 1 15 2 25 | 05 1 15 2 25
a) Gradient Method b)Newton’s Method

Source. Conrnuejols and Tutuncu. 2006 pp 100 & 104
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Newton’s Method

GAUSS-NEWTON METHOD

e What: special case of Newton's Method for > (y — y)?

m

fix) = Y ri(x)” = R(x) R(x)

i=1

Gradient Function: Vf(x) = 2VR(x)T R(x)
Hessian Function: V2f(x) ~ 2VR(x)T VR(x)
Results: ignores a part of hessian and easy to inverse

Application: non-linear least square error

Jacobian Matrix:

on(x) - 9n(x)
VR(x)= | :
Om(x) ... Om(x)
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Newton’s Method

EXAMPLE: NON-LINEAR LEAST SQUARE

1 2 3 4 5 6 7 8 9 10
t 0.1 1.2 21 4.6 5.6 5.9 6.2 6.8 8.1 9.3
y 1816 0.267 -0.304 -0.849 -1.053 -1.200 -1.260 -1.294 -1.628 -1.881

o

From the empirical study, the best function to describe the relationship is:

x4t

y = XxX1+x2t+x3e
Estimate parameters (x1, x2, x3, x4) for this data set.
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Newton’s Method

EXAMPLE: NON-LINEAR LEAST SQUARE

10 10
I . ) L2
min z = Y f(Xa 0, 0y = 3 <y(:) —xt — i ) — xg e—X4f”))
=1 i=1
= R(®'R(E)
where,
D i sy t(D
R(X) = [y()_XI—XQt()—Xge 4yt ](I)
) T
VR = [_1 —t) —emat? t“>xge*x4t(l)] (0
[ -2 Ziy(i) — X1 — X2 ) — X3 e—X4f(i)
T —25 D (D — x; — xpt() — x3 e,mt(o)
2VR() R(x) = Dt i ; 0
=237 et (y(’) — x1 — xot() — x3 exat )
L—2 ZiXB efx4t(') (y(i) — x| — xo ) _ X3 ef)<4t<’))
Mo 2 Z,‘ () 2 Z,— e*x4t(") 2x3 Ei ol efx4t(i)
(#0)2 () —xg t() (D)2 ey t)
2VR(x)" VR(x) = 22(0)7 20 Y e ) 2x3 22,(17) e o)
2%, e—2xat 2x3 3 (D) g—2xat
) 24 3,(t0)2em e
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Newton’s Method

SUMMARY

@ Overall: good when initial point near local optimal point
e Gradient Method: use dyy1 = —7vx VAxg)

PROS descent direction,
CONS many iterations, impractical to find the best

o Newton’s Family: use di; = —H,Vf(xx)

PRrOS not descent direction, popular & practical
CONs few iterations, computational expensive, problem near optimal
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Newton’s Method

TIME OF R

o Non-Linear Least Square: 'nls '(-) for nonlinear least square

Find parameters of nonlinear regression model y = x1 + x2 t + x3 e *4t that minimizes
square error (data available at n1lLeastSq.txt)

name <- c("t","y")
nls(y - x1+x2*t+x3%exp(-1*x4*t), data=nlLeastSq,start=c(x1=0.1,x2=0.5,x%3=1.2,x4=0.7))

o General Optimization: 'optim '(-) for general nonlinear optimization
2 0 O -8
x'0 3 0|x—|-9|x
0 0 4 -8

flx) =

N | =

Find the minimize of f(x) if xg = [0,0,0]"

objFn <- function(x){ allFn(x[1],x[2],x[3])[11}
grdFn <- function(x){
grad <- attr(allFn(x[1],x[2],x[3]),"gradient")
return(as.vector (grad))

optim(c(0,0,0),fn=objFn,gr=grdFn,method="BFGS")

optim(c(0,0,0),fn=0bjFn)
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Exercise

SINGLE FAcILITY LOCATION PROBLEM

Find the location of single warehouse that minimize the total cost from the
following location:

No.  customer location (p;) # shipments (w;)
1 A (8,2) 9
2 B (3,10) 7
3 C (8,15) 2
4 D (3.4) 6
5 E (16,8) 7
6 F (4,5) 5

X () i

@ If the total transportation cost is estimated by
2> " wi-d(p;, X)

@ If the total transportation cost that is calculated by

> [w,- - d(pj, X) + max (W}/2 ~d(pi, X)¥/2, w2 d(pi,X)1/2>]

i
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Supplement

CONCEPT OF NELDER-MEAD

@ Background: smart trial-and-error proposed by Nelder, J. & Mead, R.
(1965).
o Idea: n+ 1 simplex to improve n variable function
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Supplement

NELDER-MEAD ALGORITHM

Initial: random select n+ 1 points & rank by obj.value

Find: x,, = 2 3>°7 | x;, then do reflection accepted if f; < f, < f,
e If f, < fi, do expansion
e If f, > f,, do contraction

Improve do shrink

Re-Rank & Repeat: until meet condition and return x;

original reflection expansion

contraction \

QN

outter inner shrink
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Supplement

CONCEPT OF NEWTON-RAPHSON

Background: System of Non-Linear Equitation, f{xx) = 0. f: R" — R™

o Idea: given a random point, try to find intersection with approximation
function
o Math:
fxk) = t(x|x9) = f(X0) + (x — x0)VAX|x0) =0
o Algorithm

@ approximate the function with a linear tangent t(x|x¢) = f(x)
find the intersect t(x;|xo) = 0 using linear algebra

use the intersect as starting point

repeated until f{x) ~ 0
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Supplement

EXAMPLE OF NEWTON-RAPHSON

Consider the following SNLE

_[x®+xy—10 0

fix y) = |:y+3xy2—57 0
3

2

find x and y that satisfies using Newton-Raphson with [x = 5,y = %]T as initial point.
_ K K _|2x+y X
Vixy) = [axf(XJ’) ayf(xvy)] = [ 3y2 1+6x]
exprl <- expression(x"2 + xxy -10) ; expr2 <- expression(y + 3xxxy~2 -57)

getVal <- function(x,y){
vall <- eval(expri,list(x=x,y=y)) ; val2 <- eval(expr2,list(x=x,y=y))
return(c(vall,val2))

}

getJacob <- function(x,y){
coll <- c(eval(D(exprl,"x"),list(x=x,y=y)),eval(D(expr2,"x"),list(x=x,y=y)) )
col2 <- c(eval(D(expri,"y"),list(x=x,y=y)),eval(D(expr2,"y"),list (x=x,y=y)) )
return(cbind(coll,col2))

curPt <- c(1.5,3.5) ; result <- NULL
for(i in 1:5){
fVal <- getVal(curPt[1],curPt[2])

nxtPt <- curPt -  solve(getJacob(curPt[1],curPt[2])) %% fVal

iterPrint <- cbind(i,t(curPt),t(£fVal) )

curPt <- nxtPt 8 result <- rbind(result,iterPrint)
}
result

COMP METH v2.00: unconstraint 32/ 3



Supplement
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Supplement

MODIFIED NEWTON: LEVENBERG-MARQUARDT

MOTIVATION: Guess wrong Xg
o Descent direction: a direction dy such that dkTVf(xk) <0
NOTE: for exact Newton dy = [V2f(xy)] ™ Vf(xy)

e Reach VZf(xx) non positive definite: how to move out

LM MODIFICATION
Xk4+1 = Xk — [VQf(Xk) T ,LLkI] ! Vf(xk)

, where i > 0 such that [VQf(xk) + ukI] is positive definite

NoTE: Pure Newton’s Method when p — 0, and Pure Gradient’s Method
when p — oo
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Supplement

EXAMPLE: MODIFIED NEWTON WITH LINE SEARCH

Minimize f(x) =

(1 —x1)? +10(xo — x3)? starting at x¢ =

Vix) = 2(1 — x1) — 40x1 (x2 fx%)] V2 x) [

[0,0]"

—2 —40xz + 120X  —40x;
20(x2 — x3) - —40x; 20
At x9 = [0,0]7 then,

Vixy) = m V2f(x) = {_2 0}

Consider Gy = [V f(xi) + puld] = [_02 200] +3 [1 O]

_ 1 0
Then, Go 1 = |:0 1/23:|

Hence, dy = -Gy~ 'Vf(xg) = {_2}

COMP METH v2.00:
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Supplement

QUASI-NEWTON METHOD

o ldea: compute approximation of hessian inverse (Hy) at lower 'cost’ and find
direction dy that satisfies (VZf(x)) dx = —Vf(x)
o Quasi-Newton:
Xg+1 = Xk + 7cHk dk
@ More: update approximation of hessian inverse every iteration,
Hy, = Hy + H}
@ How: use information from Vf{(xx1) and xi to find Hy

o Notation:
Xk+1 — Xk = Hk (Vf(Xk+1) — Vf(xk)) or sy = Hk Yx

o Desired property:
SIMILAR TO HESSIAN: symmetric and positives definite
EASY TO COMPUTE: use sx = Xt1 — Xk and yx = VAXk41) — VAxy)
OTHERS: fast converge & low memory
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Supplement

QUASI-NEWTON ALGORITHM

Issue: many way to update H}
Example: SR1, BFGS, I-BFGS, Broyden
Update rule:
(sx—Hieyi) (s —Hiey) ™
SR1 Hi + (sk—Hiyi) Ty
BFGS root) g (1o ) 4wl
( _yfsk) k( _yESk)+YESk
find VA(-) from f(-)
k<0
Hk +—1I

compute Vf(xi)
5: while |[Vf(xy)| < e do
solve for dy = —HV f(xx)
compute v, = arg min, f(xx + v dk)
Xk4+1 = Xk + Y di
compute V f(xk41)
10: Sk = Xk+1 — Xk
Y = Vf(xk+1) — Vf(Xk)
update Hy; = g(H, sk, yx)
k< k+1
end while
15: return point x¢ and value f(xy)
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